We study the one loop renormalization in the most general metric-dilaton theory with second derivative only. In constant background dilaton theory, there are two types of gravity background which enable the theory renormalizable at one-loop level. We show this concretely to discuss on the spherical symmetric background.
The construction of quantum theory of gravity is one of the fundamental problems in the theoretical physics. The experimental check of Einstein gravity provides good result, but this theory is not renormalizable. In the absence of matter fields and cosmological constant case Einstein's gravity is the finite theory at one loop level. That is, the effective action is finite on mass shell at one loop level.
But this theory diverges in two loop order. The higher derivative gravity with the terms quadratic in curvature tensor is renormalizable and allow the renormalization group study of some physical effect like asymptotic freedom and phase transitions, but not unitary because the ghosts and tachyons are present in the spectrum of the theory. Furthermore the pure Einstein gravity with a cosmological constant is renormalizable, however one introduces matter fields the one loop renormalizability is lacking even on mass shell. On the other hand in Supergravity theory, due to the presence of local supersymmetry, the theory is two loop finite, but the divergent terms are present in the three loop order Recently it has been a considerable interest to the metric-scalar gravity in four dimensions. The active research in this field was inspired by string theory. The effective action of string (or superstring) depends on both metric and dilaton. That effective action arise in a form of the power series in a slope parameter α ′ , and the point of view is that the higher orders in such expansion correspond to higher energies. From this point of view at lower energy scale the action for gravity has the form of the lower derivative dilaton action. Probably the completely consistent quantum theory of gravity can be constructed within the string theory, and gravity will be described by effective action within this frame. However the string theory can be valid at the Planckian energy and above, and if one would like to deal with the energy below that scale, it is natural to suppose that the quantum effects of gravity will be related with some low energy action. Thus at the moment we do not have any consistent theory that is applicable below that energy scale and any research in this field is based on the choice of some model, which allow us to explore some gravity effects.
In this paper we consider the four dimensional metric-dilaton model with second derivative terms only. The action is following :
where A(φ), B(φ) and Λ(φ) are arbitrary functions of φ.
If the consideration is restricted by one loop on shell case, then the theory with cosmological term Λ(φ) can be renormalizable that leads to some general conjectures about the high energy behavior of quantum gravity [1] . Next we can restrict ourselves by some special backgrounds where the theory is renormalizable. On the other hand one can introduce an additional constraint on the background dilaton and regard it as constant. This way is also of some cosmological interest , because of the renormalizability in the potential sector enables one to evaluate the significance of quantum gravity for the cosmological phase transitions. The theory (1) has already researched on the constant background dilaton theory in the arbitrary gravitational background case [2] and maximal symmetric space-time background case [3] . In this paper we describe one in the spherically symmetric space-time background case and show simultaneously that there are two types of background that enable this theory renormalizable.
For the purpose of calculation of the divergences we will apply the background field method and the Schwinger-DeWitt technique. Let us start with the usual splitting of the fields into background g µν , φ and quantum h µν , ϕ ones
The one-loop effective action is given by the standard general expression
whereĤ is the bilinear form of the action (1) with added gauge fixing term andĤ ghost is the bilinear form of the gauge ghosts action. To perform the calculations in a most simple way one needs to introduce the special form of the gauge fixing term:
where
hg µν and α, β, γ are some functions of the background dilaton, which can be tuned for our purposes. For instance, if one choose these functions as follows
then the bilinear part of the action S + S gf and the operatorĤ has especially simple (minimal)
Here ω = h µν , h, ϕ and T means transposition. The components ofĤ have the form
The next problem is to separate the divergent part of Tr lnĤ. To make this we rewrite this trace in a following way.
Tr lnĤ = Tr lnK + Tr ln 1 2 +K
One can notice that the first term does not give contribution to the divergences. Let us explore the second term which has standard minimal form and can be easily estimated with the use of standard Schwinger-DeWitt method [4, 5] .
The bilinear form of the ghost action also has the minimal structurê
and it's contribution to the divergences can be easily derived with the use of the standard methods.
The most general off-shell structure of the one-loop divergence of the effective action has the form
where C 2 = C µναβ C µναβ is the square of Weyl tensor and(∇φ) 2 = g µν ∇ µ φ ∇ ν φ. "s.t." means "surface terms". Expression for the coefficient functions c are in the reference [2] .
Let us now make some comments concerning the above result. The one loop divergences (9) essentially depend on the choice of the functions A(φ), B(φ), Λ(φ) in the starting action. In particular, this dependence concerns the c w and c r functions, which correspond to the terms with the second powers in curvature tensor. The above expressions are valid only in the case X = 2A B − 3B For X = 0 the calculational scheme must be modified because of extra conformal symmetry [6] .
We want to restrict to coefficient function A, B and Λ to take the background which follows the classical equations of motion. The equation of motion for g µν and φ are following :
It is difficult to solve these equations, so we put φ constant and impose spherical symmetry for gravity.
To simplify this problem we make the equation (10) to have the solution φ = constant. Then we see
Substituting this equation into Einstein equation (10) and contracting the equation we obtain R = 4Λ.
Next Using the equation of motion for φ we obtain
where c is a arbitrary constant. Thus B is expressed in Λ and vise versa. One the other hand since c e becomes constant, √ −gc e G is total derivative term and it can be ignored.Hence the one-loop divergent (9) becomes following expression
step 2 Imposing the spherical symmetric condition
The metric can be written in following form when the 4-dimensional space-time has 3-dimensional isometry groups and its orbit makes 2-dimensional surface :
If the orbit is space-like(time-like) then ǫ = +1(−1). f (x) has following function corresponding to the sign of sectional curvature K of the orbit
Choosing x 0 , x 1 suitable we can set λ = −ν without any loss in generality.
where dσ We give the expression for e 2ν in equation (18). The well-known solution of the Einstein equation
with Λ = 0, T µν = 0 in spherical symmetry is Schwarzschild-deSitter space. the solution is following :
where k is a constant. If we introduce electromagnetic field as external field, there is additive term from generalized Birkhoff's theorem
where k ′ is a constant. It is easy to check
Thus this term makes nonrenormalizable structure. So we choose c w = 0. This equation becomes following :
Thus A is expressed in B and vice versa.
From above considerations, we find that the one loop divergence of effective action on the spherically symmetric background is same as the maximally symmetric case. The expression has following form :
Difference between maximally symmetric case and spherically symmetric case of the structure of divergence is that function A and B are not independent. that is ,the free function is only one in three input functions A ,B and Λ . And we can perform normalization in the same way as in the maximally symmetric case. bare function B 0 is related in the following relation :
where µ is the renormalization scale.
In constant dilaton background theory, there are two types of gravitational background. the number of free function is determined whether the gravitational background has non-zero C In the maximal symmetric case, the number of free function is 2, and in spherically symmetric case, the number is 1. In arbitrary background case, there is no free functions. that is,the form of A, B and C are determined except for it's parameter.
